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Abstract 

We prove the formula for the traces of certain class of operators in bosonic and fermionic Fock spaces. Vertex operators 



Belong to this class. Traces of vertex operators can be used for calculation of correlation functions and formfactors of 
I integrable models (XXZ, Sine-Gordon, etc.), that is why we are interested in this problem. Also we show that Fredholm's 
minor and determinant can be expressed by such traces. We obtain a short proof of the Fredholm's formula for the solution 



of an integral equation. 
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1 Introduction. 



In this paper we prove formulas for the traces of some class of operators in bosonic and fermionic Fock spaces. Such traces 
are used in mathematical physics, because correlators and formfactors of integrable models can be expressed in terms of such 
traces ([ [JM[ |,]l[ and |KLP2|). On the other hand Fredholm's determinant and minor can be expressed in the terms of similar- 
traces; and special case of our formula turns out to be Fredholm's formula for the solution of an integral equation. 

Let us discuss the formulas. Let C[x\, X2, •••] be the algebra of polinomials. Let C(xi, x%, ...) be the operator of 
multiplication on a polinomial C(xi,X2, ■■■)', let A(8 Xl , 8 X2 , ...) be a polinomial of operators 8 Xl = d X2 = jj^-, let 
p be an arbitrary, degree preserving homomorphism of the algebra C[xi,X2, ■■■) onto itself. We prove the following formula 
for the trace over the space C[xi, X2, ■■■) of the product of these three operators: 



Tr (pA(9 ; 



> Xl ,8 X2 , ....)C(xi,x 2 , ...)) = {Trp) (^A(d Xl ,d X2 , ....)\j^—:C(x 1 ,X2, ...)\ 



(1.1) 



Here pairing < ...|... > is defined by the formula: < (9 Kl ) il ...(9£ n ) ln |(xi)- yi ...(x n )''" >= S^...Sj n ii\...i n \. The trace of the 
operator O: C[xi, X2, ...]—> C[xi, x 2 , ■■■} is the sum of diagonal elements in the natural basis (x\) 11 (X2) 12 ....(xk) lk ■ 
We shall also prove analogous formula for the anticommuting variables = — 



Tr 



(1.2) 



The special cases of the first formula can be found in | JM , special cases of the second one in 

These formulas express matrix elements of the operator inverse to (1 ± p). If p is an integral operator then the second 
formula is equivalent to the Fredholm's formula for the solution of integral equation. Thus we obtain short proof of the 
Fredholm's formula, and interpretation of Fredholm's minor as the trace over A[£i,£2, •■■] of some sort of operator, which 
seems to be unknown before. (The interpretation of Fredholm's determinant as such trace is well known.) Also our first 
formula gives analogous formula of inversion not via the Fredholm's determinants, but via Fredholm's permanents Q 

Correlation functions and formfactors of different integrable models can be found, as traces of vertex operators. This 
was shown in pFJMN] , pMfl for XXZ-modcl and corresponding six- vertex model and in |l|, ]KLP1| , ]KLP2| and ]KLP3 
for S'[/(2)-invariant Thirring model and Sin — Gordon model. The so-called procedure of bosonization allows one to write 
down vertex operators, as operators in the space C[xi,x 2 , ■■■] of the type: pA(d xl , d X2 , ....)C(xi, x 2 , ■■■)■ Our formula allows 



to compute the traces of such operators. Our initial purpose was to prove the formula 5.2 and its consequence 5.1C that are 



used in [ KLP2 to compute formfactors in 5J7(2)-invariant Thirring model. Subsequently we found general form ula. Not e 
that the traces of some concrete operators of such t ype were calculated previously in many papers (for example | PFJMN |, 
|EJ) with the help of the Clavelli-Shapiro technique CS]. 

Spaces C[xi,X2, ■■■}, A[£i,£2,--] are called bosonic and fermionic Fock spaces, respectively. They are the spaces of 
states in quantum field theory. Observable values are given by the formula Tr{pA), where p is the density matrix, A is the 
operator of some observable. So, we hope that our formulas, will be useful not only in solving the integrable models like 
5[/(2)-invariant Thirring or Sine ~ Gordon, but also in the other problems of quantum field theory. 

We shall give several proofs of the formulas 1.1,1.2. In the case when A{8 Xl ,8 X2 , ....), C(xi,X2, ■ ■■) are polinomials of 
the first degree of 81,82, ... and x\,X2, ■■■ respectively, their commutator equals to the scalar and in this case it is possible 
to prove our formulas in few lines, and this proof is based only on commutation relations and the property TrAB = TrBA. 
The idea of another proof applicable in general case is the following: if operator p is diagonable, then in the eigenvector 
basis the sum of diagonal elements factorizes to the product of simple sums. If the operator is not diagonalizable one can 
approximate it by diagonalizable ones, and taking the limit obtain the formula. The fact that trace factorizes to the product 
is based on the following idea: C[xi, X2, ■■■] = C[xi] ® C[x2] ® •■■ and A[£i, £2, ■■■] = A[£i] (£> A[^] <£> and if the operator p is 
diagonable then p = pi ® p2 <8> .... And it's well-known that the trace of the tensor product of operators is product of traces. 
The third proof is the longest. In it we obtain formula for trace of our operator ristricted on the the space of polinomials 
of degree N. Since this space is not tensor product, the sum of diagonal elements is not factorizable, so the proof is rather 
intricate. But lemmas which we proved are rather interesting by themselves. 

The alegbras of polinomials C[xi,X2, ...xn], A[£i, £2) ■■■j£,n] are the synonyms for the symmetrical algebra SV of linear 
space V and the exterior algebra AV of the space V respectively. The space V is such that x\, X2, xjv is a basis of 
V. In this paper it is more convenient for us to use the terminology of the symmetrical and exterior algebras instead of 
C[xi, X2, ...xjv], A[£i, £2, £,n]i though, may be it makes the text not so transparent. For the case of infinite-dimensional V 
the terminology of the symmetrical and exterior algebras is the only rigorous. 

Our formula is valid for the case dimV = 00 as well as dimV < 00. One can easily reduce infinite-dimensional case to 
the finite-dimensional one, because any operator of the trace class can be approximated by the operators with the finite- 
dimensional image. 

The paper is organized as follows. In sections 2 and 3 we prove our main formulas for the cases of fermionic and bosonic 
Fock spaces, respectively. Both cases are very similar, so in section 3 we omit all the details. In the fourth section we obtain 

1 permanent of square matrix is the sum of its elements standing in different columns and different lines 
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Fredholm's formula. In the fifth section we apply our formulas for calculation of the traces of vertex operators corresponding 
to SU (2)-invariant Thirring model. Further on follows several appendices. In the first we generalize the formulas to the case 
of the linear space with a countable basis, without any topology. In the second we discuss the regularization of the traces. 
In the third we mention the case, when there exist a continuos basis in V. The fourth appendix contains expressions for the 
traces of an operators in Fock spaces in terms of generating functions. In the fifth appendix we prove that infinite products 
obtained in calculations of the traces of vertex operators in section 5 are convergent. 



After the work was completed we received a letter from V.E. Korepin who pointed out on his works [Koi], where 
the Fredholm's determinants were used to express correlation functions of different integrable models. This expressions 
allowed Korepin and his coauthors to obtain a lot of important information about correlation functions such as long distance 
asympotics, equations for correlation functions and so on. 

2 Formula for fermionic Fock space. 

In this section we prove the main trace formula (theorem 2.1) for the fermionic Fock space. From the mathematical point 
of view, fermionic Fock space is simply the space of polinomials of anticommuting variables or, more formally, the exterior 
algebra of some space V. We use the terminology of exterior algebra, because it's more convenient and it's rigorous in 
infinite-dimensional case. 

Let V be a linear space. Denote by A™ V n-th antisymmetrical (exterior) tensor exponent of the space V, AV = (B^ =0 A n V 
the exterior algebra of space V. If oi, 02, ... is a basis of V, then AV naturally is identified with A[oi, 02, ...]. Any operator p 
on the space V induces the action of operator p on the space AV by the formula: / o(/\ i Vi) = /\ t p(yi), where Vi is arbitrary 



elements from V. Note that correspondence (V, p) — > (AV, p) is often called functor of secondary quantization [MM], AV is 
called fermionic Fock space. If V is a Hilbert space, p is a unitary operator, then on completion of AV one can canonically 
introduce the structure of Hilbert space and p turns out to be unitary operator on AV. It's natural to consider algebra AV 
graduated: if wg A ra V then degw — n. 

Let V* be a dual linear space. We shall extend the canonical pairing between V* and V to the pairing between AV and 
AV* according to Vick's rule: 

mm m 

< /\ fsi /\ UJ >= t- i y 9na n < >= det \ < si"; > i*>i<™ ( 2j ) 

i=l j = l o£S m i=l 

If and are dual basis in V and V*, respectively, then pairing may be defined in the following equivalent way: 
<(e 1 ) 4l A...A(e„M(x 1 p' 1 A...A(a:„)^>=^ i 1 ...^; ^ = 0,1^ = 0.1.' 

For the arbitrary v G LV one can define the operator of LEFTWARD multiplication on v, which we will call the creating 
operator and denote it by C(v). By definition operator C(v) acts from AV to AV, as follows: C(v)[v] =vAv. Analogically, 
for arbitrary w G LV* one can consider operator C(w) : AV* — > AV*. Operator dual to the C(w), which acts AV — > AV 
we will call the annihilating operator and denote it by A(w). For example, let us describe the action of operator A(e p ) on 
v = ejj A €i 2 A ... A €i l , where is a basis of V, ii is dual basis of V* and ik 7^ ii at k 5^ /. If p $ {ij} then operator A(e p ) 
kills v, if p = i\ then operator erases e^, if p G {ij}, but p ^= i\, then one should put e p on first position, changing the sign 
appropriately, then erase it. If w € V*, then A(w) is antiderivating: A(w)(vi A V2) — A(w)(v±) A «2 + (— l) degvi vi A A(w)(v2)- 
Obviously, the following commutation relations holds: 

A(w)C(v) + C(v)A(vf) =< v|w > v G V w e V* (2.2) 

A(w 1 )A(w 2 ) = A(wjWj) C(vi)C(v 2 ) = C(viv 2 ) 

pC(vi) = C(p(vx))p A(w\)p = pA(p(w±)) vi,v 2 gAV wi,w 2 gAV* 

p : V — ► V, p is induced operator : AV — * AV 

Here and further we will allow ourselves some sloppiness in notations: we will denote operator dual to p by the same 
symbol p. So, in this notations: < w|pv >=< pwlv >. 

Definition 2.1: operator p on V is called operator with trace, iff 3\i G C, xji G V, /, G V* such that Vx G V holds: 



i>0 

Where £i>o |A,| < oo ft G V* |/,| < C Vl eV \ Vi \ < C 

(Small change generalizes this definition to the case of an arbitrary locally-convex space [3CH|. All results will be true 
in this case as well.) 

Definition 2.2: Trp = £ j;>0 Kf t {y t ) 

Trace is well-defined i.e. trace is independent of the representation |2~3| , if metric Grothendieck's approximation property 
(AP) holds for the space V ([ |Pietsch |). Let us recall the formulation of (AP): for any compact subset K C V and Ve > 



there exists operator L : \L\ < 1 with finite-dimensional image, such, that Vx G K \x— Lx\ < e. 
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As it is known, all typical spaces l p , L p [a, b], C p [a, b] are spaces with AP, the construction of the space, where AP is not 
fulfilled, was long-time standing problem. Known separable examples of such spaces are rather artificial. Note that if there 
exists basis (in Schauder sense) in space V, then V is space with AP. We shall also note that approximation property is 
closely connected to the following properties: any compact operator can be approximated in norm topology by operators with 
finite dimensional image; identical operator can be approximated by the compact operators uniformly on any precompact 
set. 

It's clear that if p is operator with trace, A is arbitrary operator, then pA and Ap are operators with trace and 
TrAp — TrpA. 

Here and further on we will always mean that V is a normed space with AP. 

Proposition 2.1 If p is a operator with trace on space V, then p is operator with trace on Ay and Tr A yp~ = lim 

AT— >oo 

Tr Av p N where p N (x) = Y^iio ^ifi( x )Vi- 

The proof of proposition is based on straightforward expression for the Tr A k V p: 



Tr Akv p=- det \fiMkj<kl[\h (2-4) 

' llM;---,lk » = 1 

One can obtain this expression straightforward or using the corollary 2.1 below. Due to Hadamard's inequality det\fi i (yz, )|i,j<fe _• 

C 2k Vk' , hence \Tr A k V p\ < c ^ (^- |Ai|) fe , hence due to d'Alembert test the series J2k^ r A k vP is absolutely convergent. 
Proposition is proved. 
Theorem 2.1 

Let p be operator with trace on V; v, w arbitrary elements from AV and AV* respectively. Then the following formulas 
hold: 



(a) Tr AV (pA(w)C(v)) = Tr AV (p) / w|— J^v 

\ 1 + P 

(b) Tr AV (pC(v)A(w)) =Tr AV (p)(w\^=v^ (2.5) 

Remark 1: In Proposition 3.2 we shall show that Tr A yp~ = dety(l + p). In accordance with this, one must understand 
Tr A yp /w| ^|-=v\ as matrix element < w|....v > of the augmented matrix, in the case if (1 + p) is not invertable. 



Remark 2: Note that the formula (a) is equivalent to the formula 1.2 



Let us derive 2.5(6) from |2.5|(a) 



Tr AV (pC(v)^(w)) = Tr AV (A(w)pC(v)) - Tr AV (pA(p(w))C(v)) = 

= Tr AV (p) < p(w)| _ v >= Tr AV (p) < w| - _ v > 
l+p 1+P 

We shall give 3 proofs of the theorem 2.1. The first proof is very short, but, infortunately, it is applicable only for the 
case w £ V* , v £ V i.e. degw — degv = 1. Another proof is simple too, and applicable in general case. The third proof is 
based on three propositions. The proof of the third is rather complicated, but it is rather interested by itself. 

Let us formulate the following two simple facts, which are necessary for the proof of theorem 2.1. 

Lemma 2.1 If theorem 2.1 is true for any operator p with trace such that |p| < 1, then theorem 2.1 is true for any p 
with trace. 

Proof: Let p be an arbitrary operator with trace. Consider operator Ap, where |A| < i. Since |Ap| < 1, we see that 

theorem 2.1 is true for Ap, hence: Tr A y (ApA(w)C(v)) = Tr A y (Ap) ^w| 1+ 1 Ap v^i 

Due to proposition 2.1 LHS and RHS of the equality above exist for all A ^ Specp and they are analytical functions of 
variable A. Hence, due to analicity, equality is true for all A ^ Specp. Taking A — 1 one obtains lemma for arbitrary p. 



Lemma 2.2 If theorem 2.1 is true for arbitrary finite-dimensional space V , then it's true for any space V. 
Proof: The idea of proof is easy - one can approximate any operator with trace by operators with finite-dimensional 
image. 

Let p be an operator with trace on V. Let us define operator pjv as follows: pjsi(x) = Yld>o^ifi( x )yii Vii ifi 
are defined according to definition 2.1. Let space Vat be linear span of vectors v,yx,V2, ■■•UN- Then ImpN C V/v that 
is why Tr A ypw = Tr A y N ppf. Since formula is true for any finite-dimensional space, hence Tr A y N (pnA(-w)C(v)) = 

Tr A y N (p N ) ^wlj^v^) 
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Hence: 



Tr AV (pjvA(w)C(v)) Tr AVN (p N A(w)C(v)) 



Tr AV (p N ) Tr AVN (p N ) \ 1 + p N 

Taking the limit TV — > oo one obtains the necessary lemma. Passage to the limit is valid, because of proposition 2.1. 
Lemma 2.2 is proved. 

The first Proof of theorem 2.1. Only for case degw = degv — 1. (It is sufficient for Fredholm's formulas.) 
Recall formula |2~2|: A(w)C(v) + C(v)A(w) =< v|w > 

Due to lemma 2.1 it's sufficient to prove only for such p that p n — » 0, n — > oo. 



Tr Ay (pA(w)C(v)) = <w|v) Tr Ay (p) - Tr Ay (pC(v)A(w)) 

= (w|v)Tr A v(p) - Tr Ay (C(p(v))pA(w)) = <w|v)7Y Ay (p) - Tr Ay (M(w)C(p(v))) 
proceeding this transformation n times one gets: 

Tr AV (p) <w| (-/») V) + (-l)"Tr AV (pA(w)C(p B (v))) = Tr Ay (p) (w| ^ 

The latest equality is obtained by sending n — > oo, which is valid since p n — > 0. 
Proof 1 is finished. 

Remark 1: The difficulty of applying this proof to the case, when degw > l,degv > 1, is the following. In this case 
commutation relations between A(w), C(v) are complicated. So the way to prove described above is possible, but very bulky, 
and we prefer to give another proof. 

Remark 2: The proof that traces of vertex operators satisfy Kniznik-Zamolodchikov equations is similar to proof 1 
described above. 

Remark 3: Let us note that we have not used that dimV < oo. We have only used commutation relations between 
p, A(w), C(v) and the property that TrAB — TrBA. But this is not surprising, because trace maybe determined by the 
property that TrAB = TrBA. 

The second proof. 

Due to lemma 2.2 it's sufficient to prove only for dimV = N < oo. 

Proof is based on two simple ideas. The first idea is the following: it's sufficient to consider the case when p is diagonable 
operator, because any not diagonable operator can be approximated by diagonable ones. And easy to see that if pi — > p and 
theorem holds for pi, then it holds for p. (Due to dimV < oo, hence dimhV < oo, we have no problems with approximation). 
The second idea is the following: if one writes down the sum of diagonal elements in the basis of eigenvectors for p, then this 
sum factorizes. And each multiplier is the series similar to the geometric progression. 

Let us consider the case dimV = 1. Let e ^ € V ; pe — Ae, let e be the dual to e element of V* 



Tr AV {p) =< > + < e\pe >= 1 + A = det v (l + p) 

Tr AV {pA{e)C(e)) =< l\p°d e {e A 1) > + < e\pd e {e A e) >= 

= 1 + 0=1 = (1 + A) < e\— J— e >= Tr Av p < e\-^—e > (2.6) 

1 + A 1 + p 

Tr AV (pA(e)C(l)) = Tr AV (pA(l)C(e)) =< e|— ^1 >=< 1|t-J— e >= 

1 + p 1 + p 

Since < A k V\A l V >= for i ^ k 

In proving : we have obtained that Tr A yp = 1 + A. Note that one can rewrite it as follows: Tr A yp = dety(\ + p). 
Further we shall prove that it's true not only for dimV — 1, but also for any V (even infinite-dimensional). 

We see that transformations in formula |2.6| are possible only in the case A ^ — 1, i.e. 1 + p is invertable. Otherwise one 
must stop transformations on the step: Tr A y (pA(e)C(e)) = 1, and understand it as matrix element < e\...e > of matrix 
augmented to 1 + p, easily to see that this will be true in case dimV > 1. 

Thus theorem 2.1 is proved for the case dimV = 1. 

Let us come back to the case dimV = N where N is arbitrary. 
Recall that we want to prove: 

Tr AV (M(w)C(v)) = {Tr Av p) 



'l + P 

Note that LHS and RHS of the formula above are bilinear of w,v. Therefore it's sufficient to prove only for basic 
vectors. 
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Let ci, C2, cat be the basis of eigenvectors for operator p, (as we have already said it's sufficient to prove for diagonable 
opeartors only). Let Ai be the eigenvalues of operator p corresponding to vectors c^. Let ci, C2, cjy be the dual basis in 
V*. 

Exterior algebra of N variables is the tensor product of the exterior algebras of each variable, therefore AV — A[ci] <S> 
A[ca] &> ® A[cjv]. Easy to see that p Oi=i ^(cj) r * IIj=i C( c j)' J = ®i=i PiA{ci) r% C(ci) tz where pi acts in A[eJ as follows: 
Pi (e? ) = p{ef) = \ k i (ef ) and (n, tj , k = 0, 1) 

That is why: 

(JV JV \ iV 

pH^rn c (^ =n rr AM (M(^) r< c(c 4 )**) = 

AT AT TV 

= n(^A [Ci] Pi) < ferivxr = > ( Tr ^^ < n ^n?x^ n ^ > 

i=l i=l j=l 

The last equality is true due to: p diagonable in basis Cj and < Ci\cj >= i =/= j 

Proof 2 is finished. 

Note that Tr Av p = ]jf =1 Tr A[Ci] p t = UZii 1 + Ai) = det v (l + p) 
Thus we have proved the following, well known proposition: 

Proposition 2.2 Let V be a finite-dimensional space, let p be an operator on V, then 

det v (l + p) =Tr Av p (2.7) 
There is another more direct proof of this proposition: 

Let dim V=N, then by definition of determinant detyO = Tt A n v O. Hence: deiy(l + p) = Tr A N (1 + p) An = Tr A ap + 
Tr A i p + Tr A 2 p+ + Tr A N p 

Motivated by 2.7 one can introduce the following definition of determinant (applicable in infinite-dimensional case): 

Definition 2.3 Operator O on space V is called by operator with determinant, if operator p = O — 1 is operator with 
trace. Determinant of O is defined by the formula: detyO — Tr A yp~. 

Further we shall show that this definition is Fredholm's definition, but written in more invariant way. Note that this is 
definition of usual, not somehow regularized, determinant. This determinant is equal to the product of the eigenvalues of 
operator O. 

The third proof. 

Proposition 2.3: Let ei be an arbitrary basis of the finite-dimensional space V, ei be the dual basis, then for any 
operator O on space A n V, the following formula takes place: 



Tr A ,i V 0=— V <e h Ae h A... AeiJOe h Ae h A...Ae ( „ > (2.8) 

Zi...i„>0 

The proof is obvious, due to each basic vector is repeated in summation n\ times and it cancels with nl in denominator. 

Remark: If V is Hilbert space, is it's basis, O is operator with trace on A n V, then lemma is true also. The proof is 
the same, but instead of finite sums arises series, which are absolutely convergent, since O is operator with trace. 

Corollary 2.1: Let ei be an arbitrary basis of the finite-dimensional space V, be the dual basis. Let p be an operator 
on space V, p - induced operator on A n V . Then: 



Tr Any p - 



det 



h...i n >o 



< ei 1 \pe h > < ei 2 \pe h > 

< ei 1 \pe h > < e h \pe h > 



< h n \P e h > 

< h n \pe-l n > 



(2.9) 



To prove corollary one should apply Vick formula 2.1 to 2.S. 

Proposition 2.4 Let p be an operator with trace on space V, p induced operator on A n V, then Tr A nyp~ can be expressed 
through Tryp 1 as follows: 



*w= £ ^Jl.^,, n(W)r (2.10) 

n j=0 ; ^^ J n j— n 

Proposition 2.5 Let p be an operator with trace on V; Vj,wi arbitrary elements from V and V* , respectively. Then 
the trace of p~rii=i ^( w i) Il^=i C( v j) over A n F can be expressed through Tr A T V p and < Wi| p l vj > as follows: 
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(k k \ I k k \ 

a(wi> n ) = e Tr A ^(p)/nwjin(-p) 93 (vj)) (2.n) 

Ej % + r = n 

Proof of theorem 2.1 easily follows from Proposition 2.5: 

k 

LHS and RHS of equality in theorem 2.1 are bilinear of w, v, therefore it's sufficient to prove only for w = f\ i=l Wi, v = 
Aj=i v j; where degwi = degvi = 1. Easily to see that both LHS and RHS are equal to zero, if n ^ k. So it's sufficient to 
consider the case n = k only. 

Due to lemma 2.1 it's sufficient to prove for such p that \p\ < 1 

(k k \ I k k 

i=l 3=1 J n>0 V i=l 3=1 

= E E (Wvp) < n w P i ik-pT"^) > ) 

»>O r ,ni,...n J .>0: ^.n 3 +r=nV P =1 P =1 / 

= e (Wvp) < n w P i n(-/^(v P ) > ) 

m,...,ns.,r>0 \ p=l p=l / 

E^A^") (ri w PinE(-^"( v p)) =( T w)(nw P i-i^n Vp \ 

/ \p=l p=ln>0 / \p=l ' p=l I 

The third proof of the theorem 2.1 is finished. 

The proof of Proposition 2.4 Similar to the proof of lemma 2.2, easy to show that it's sufficient to consider finite- 
dimensional spaces V only, because any operator with trace can be approximated by the operators with finite-dimensional 
image. 

Tr^ v p=— V* < e h Ae h f\ ...eijpe h f\e h A ...ei n > = 
n\ * — ' 
h...l n >0 



^ e E(- i ) s9n(<T) n<^i^)> 

/l...i„>0 cr£A„ 1=1 

1 ^ ( -i)E^-«n(W) s 



where ki (a) is the number of the cycles of length i for a 

The amount of permutations that are product of fcj cycles of length i, equals to 



k 1 \k 2 \...\ kl 2 k ^... 
hence, equality may be continued: 

= £ fc ;7j... lfcl2 *... n(W) fc ' 

kj>0:^^ . jkj—n 1 

Proposition 2.4 is proved 

The proof of Proposition 2.5 Similar to the proof of lemma 2.2, easy to show that it's sufficient to consider only finite- 
dimensional spaces V only, because any operator with trace can be approximated by the operators with finite-dimensional 
image. 

The main instrument of proof is - is Vick's formula Note that Vick's formula is conveniently rewritten rule of 

pairing between antisymmetrical tensors. 

(k k \ 

pn^won^ri)) = 

k 

A eu A ... A ei > 



— E < g 'i Ag i 2 A...Ae;JpJ|A(w i )J|C(v j )e il 

' h...l n >0 i=l 3=1 

— E < /\ w i ^ A p(ei 2 ) A ... A p(&i n )\ /\ v j A e/i A e/ 2 A ... A e in > = (2.12) 



h...l n >0 i=l 3=1 



G 



Let us introduce the following notation: 



&i=Vi , 4= w i , l<i<k; ti ( =e h+k , £ h = p(e h+ J , fc < i < n + k; 

Let us apply Vick's formula to the 2.12: 

= h S S (-ir sn/ ff<4i^ (i) > 

ii...i n >o<Tes„ + * i=i 
Rewrite multipliers in following order: 

= ^ E E (-i)""* 

ii...J n >Oer€S n+ j. 

< wild^,, >< p(e K(1) )\e K2(i) > .... < p(e Kni (1) )|v ff » 1+ i (1) > 

< w 2 |ei CT(2 , >< p(e\„ m )\ e K*m > .... < p(ei <r = a(a) )|v (7 » a +i ( . 1) > 



< w k |ei CT(k) >< p^^Jlei^^ > .... < p(gi CT „ k(k) )| V(Tnk+ i (k) > 
II <P(ei J )|ei aCJ) > (2.13) 

Where 3(a) is subset of {1... n} that includes such elements that cannot be obtained from {1, 2,..., k} by applying 



a, a 2 , a 3 .... 



r = Card(3(a)). ( As usual, Card(M) is amount of elements in the set M ). 
rii > - the least exponent such that a ni+1 (i) belongs to the set {1, 2, 3, ...k}. 
Denote I(ct)={1, 2,... n} \ 3(a). 
Card(I(a)) =Ei«i- 
Then r + ^ • ri; = n. 

Summating over k such that i € 1(a) one obtains: 



=^ e (-i) s9 " ff n< w pi^ v ^( P )> e n <p(«-ij)i^a) > 

<?eS n+k p=l lj,j£3(a) jeJ(rr) 

Let a — <ti<T2 = 02(71, where <ti is the product of independent cycles which includes {1, 2,..., k}, o-i - the one which 
doesn't includes {1, 2,..., k}. Obviously a\a<i = a<ia\ and a(i) = a\(i) i € I(cr) cr(i) = 0-2(2) i € 3(a). 
Then 

= ^E(- i ) s9nCTi ( n < w P i^v ff „ P+1(p) > x: E(- 1 ) 59 "" n < >) 

(Ti \p=l ijjGJO) CT 2 jGJ(cr) / 

= ^E(- 1 ) S9 " ffl (f[ < w p |p^v CT „ p+1(p) > r\Tr ArV p\ 

<7\ \p=l / 



r 



j E (- 1 ) SS "" E E II < w p |(-p)^v ff „ p+1(p) > Tr Mv p 

v£S k r,ni...n k >0:Y] n,j+r=n "i ^(r,nj,a) \p=l > 



H ^ ( _ 1)sgn5 ^ n < Wp | ( _ p) ™ PVCTnp+1(p) > TrAry/ , 

^e^fc r,ni...nfc>0:^ . nj+r=n \P-1 / 



= ^ f J] <w p |H>)""v ff(p) >Tr A r V pj 

^Sfc r,m...nfc>0:^ nj +r=n \P =1 / 

(k k \ 
^p<Aw P iA(-^(vp)> 
/■ 1 /• 1 / 

Where 0(r, n^, cr) is set of that and only that permutations a\ from Sfc, such that: a™ i+1 (i) = a(i) ; 0-1(7) = j j e J((7i), 
and rii - are the least exponents such that = a(i) belongs to the set {1, 2,..., k}. 

Easy to see that Card(Q(r, rii, a)) = 7I 
Proposition 3 is proved. 
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Due to Corollary 2.1 one can reformulate definition 2.3 as follows: 

Proposition 2.6: Let p be an operator with trace on finite-dimensional space V, a basis of V,e~i be the dual basis. 



det v (l + P) = J2~ H det \ < E h\P e U > kj<n ( 2 - 14 ) 



n. 

n=0 



3 Formula for bosonic Fock space. 

In this section we prove the main trace formula (theorem 3.1) for the bosonic Fock space. From the mathematical point of 
view, bosonic Fock space is simply the space of polinomials or, more formally, the symmetrical algebra of some space V. We 
use the terminology of the symmetrical algebra, because it's more convenient and it's rigorous in infinite-dimensional case. 

Let V be a linear space. V® 1 - i-th tensor power of the space V, S t V - subspace of symmetric tensors, SV = ®iZoS l V 
- symmetrical algebra of space V, If space V is finitedimensional and ei, e2, ejv - its basis, then SV = C[ei, e 2 , ejv]- 
If V is infinitedimensional then one may naively treat SV as C[[ei, e2, ...,]. Any operator p on the space V induce the 
action of operator p on the space SV by the formula: p(Y[i v i) — Yii P( v i) where Vi - arbitrary elements from V. Note that 



correspondence (V,p) — > (SV, p) is often called secondary quantization functor |VIM| , SV - bosonic Fock space and if V - 
Hilbert space and p unitary operator, then on completion of SV one can canonically introduce the structure of Hilbert space 
and p turns out to be unitary operator on it. Naturally to consider algebra SV graduated: if w G S n V that degw = n. 

Let V* be the dual space to V. Extend the pairing between V and V* to the pairing between SV and SV* according 
to Vick's rule: 



< n f; i n u j >= e n < >^p^\ < ^ > * e v*, Uj e v (3.1) 

»=i j=i <?es m 1=1 

where per A is permanent of matrix A. Recall that permanent of square matrix A is sum of products of its elements, standing 
in different rows and columns. 

Let us point out that < w fe |v fc >= k\ < w|v > fe , at w e V* , v e V. It's convenient, because, if a;, is basis in V, 9, 
is dual basis in V* then differential operator in space SV is dual to operator of multiplication on dj in space SV* , i.e.: 

< (d 1 yK..(d k y-+ l ...(d n y- \( Xl y*...(x n y» >=< (d 1 y\..(d k y*...(d n y- \ ^ [( Xl y\..{x n y~] > 

Analogically operator of multiplication on Xj in space SV is dual to differential operator with respect to dj in space 
SV* . Also, due to such choice of pairing proposition 3.3 holds. 

Similar as it was done in previous section one can introduce creating-annihilating operators. For any v £E SV creating 
operator C(v) : SV — > SV, for any w 6 SV* annihilating operator A(w) : SV — > SV. In terms of space of polinomials 
creating operator is operator of multiplication on some polinomial, annihilating operator is polinomial of differential operators 
Tj|- . Obviously, the following commutation relations holds: 

A(w)C(v) - C(v)A(w) =< v\w > v G V, w G V* (3.2) 

A(wi)A(w 2 ) = A(w a )A(wi) = A(wiwj) C(vi)C(v 2 ) = C(v 2 )C(vi) = C(viva) 
pC(vi) = C(p(v 1 ))p A(wi)p = pA(p(w±)) Vi,v 2 gSV ■w 1 ,w 2 £ SV* 
p : V — > V, /0 is induced operator : — > SV 

Proposition 3.1 If p is a operator with trace on space V and \p\ < 1, then p is operator with trace on SV. For 
v G SV, w G SV* operator pA(w)C(v) is operator with trace. 

Let us point out that analogous proposition 2.1 in previous section is true for all operators p with trace, in contrast to 
the proposition 3.1, which is true only for \p\ < 1. If \p\ > 1, then p is unbounded operator on SV. Also note that norm of 
operator A(w) on space ®i<NS l V equals to iV|w|. so it is unbounded on the hole space SV, but product p~A(w) is operator 
with trace. 

One can easy derive the proof of the proposition 3.1 from proposition 3.4. 
Theorem 3.1 

Let p be an operator with trace on V and \p\ < 1 ; v, w arbitrary elements from SV and SV* respectively. Then the 
following formulas take place: 

Tr sv (M(w)C7(v)) = g T, s , (^(vL4(w)) = g 



Remark 1: Obviously, formula 3.3 (a) is equivalent to the formula 1.1, mentioned in introduction 



Remark 2: Actually if exist two of the expressions Trsv(p), Trsv (pA(w)C(v)) , X^^Lo ( w l/° TIv ) then exists the third 



and formula 3.3 is valid. This can be simply shown using lemmas 2.2,2.3. 
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Corollary 3.1 

Let v, w - the elements of degree 1, from SV and SV* respectively, i.e. v e V, w e V* then: 



Tr S y (pA(e™)C(e v j) = e ( w |_L_ v ) 
Tr sv (p) 



(3.4) 



One can prove corollary expanding exponents to the series and applying theorem 3.1, or one can obtain straightforward 
proof of corollary 3.1, using commutation relations e A ^e c ^ = e <w ' v> e c ' v ^ ) e' 4( ' W - ) , and reasoning in the same way, as it 
was done in proof 1 of the theorem 2.1. 

Proofs of theorem 3.1 are similar to the ones of theorem 2.1. One should only substitute sign plus for sign minus in 
proofs 1 and 3 of theorem 2.1 to obtain the ones of theorem 3.1. One can also change proof 2 of theorem 2.1 in order to 
obtain proof of theorem 3.1. But a little difference arises in this case. Let us consider it. 

SV = C[ei, e2, ....ejv] = C[ei] <8> C[e2] <8> •■■ <8> C[ejv], where any basis of V. Hence, similar as it was done in previous 
section one can reduce the proof to the case dimV = 1. But dimSV = oo, in contrast to dimAV = 2. So the proofs differs 
for the case dimV = 1. Let us prove theorem 3.1 for the case dimV = 1. 

Let x y^Q eV; px — Ax; hence: p(x n ) = X n x n . Let d x G V* be dual to x. 



fi k (n 4- kV 

Tr sv (pA(x k )C(x k )) = Tr c[x] p^x k = £ TTv^)' 



n=0 



fc! 



n=0 



' ' — - {Tr SV p)k\ < e\^—e > fc = (Tr sv p) < {e) k \^—_e k > 



dX k 1 - A (1 - A) 

We have used obvious fact that TrsvP = jrj- Note that one can rewrite it in the form: dety jjzrfi = TrsvP- 
It is also evident that if k ^ I, then Tr C [ e ]p(d e ) k e l = =< (e) k \j^e l >. 
So the case dimV = 1 is completed. Hence, proof 2 is finished. 

We have seen that dety r^z^ = Tr sv p in case dimV = 1. Similar as it was done in previous section one can prove it 
for any V. Hence the following proposition is true: 

Proposition 3.2: Let p be an operator with trace on space V and \p\ < 1, then 



dety - 



Y^Tr SnV {p) 



n=0 



Let us formulate analogs of propositions 2.3-6 

Proposition 3.3: Let ej be arbitrary basis of space V, it be the dual basis, then for any operator O on space S n V the 
following formula takes place: 



Tr s ^vO = — y~] < ei 1 ei 2 ...ei n \Oe h ei 2 ...ei n > 
n.l * — ' 



(3.5) 



h...i n >o 



Corollary 3.2: Let p be an operator on finite-dimensional space V, e% be the dual basis, p is induced operator on S n V. 
d - basis of V. Then the following formula takes place: 



Tr S n V p 



^2 P er 



h...i„>o 



< e h \pe h > <e h \pe h > ... < ei n \pe h > 

< e h \pei 2 > < e h \pe h > ... < eijpe h > 



< e h \pei n > < ei 2 \pei n > 



< h n \P e i n > 



(3.6) 



Proposition 3.4 Let p be an operator with trace on space V, p is induced operator on S n V, then TrsnvP can De 
expressed through Tryp 1 as follows: 



Tr S n V p = V ■ ■ \ Y\(Tr v p l ) ni (3.7) 

^ ni!n 2 !...l ni 2 n 2... H v " 11 y ' 

Proposition 3.5 Let p be an operator with trace on space V; Vi,Wi arbitrary elements from V and V* respectively. 
Then trace of p]Jti A (™i) Uj=i C( v j) 

over space S n V can be expressed through Trg^vP and < Wi| p l vj > as follows: 
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(ft ft \ Ik k \ 

pU A ^Ii C ^ = E T rsMp)(Yi w i I n^( v j)) ( 3 - 8 ) 

1=1 3=1 I r, qi ,q 2 ,...,qk>0- ^ J=1 3=1 ' 

r + Ej 9j = n 

The proofs of the propositions above are similar to the ones in previous section. 
Due to corollary 3.2 one can reformulate proposition 3.2 as follows: 

Proposition 3.6: Let p be an operator with trace on finite-dimensional space V, e, a basis of V, Si be the dual basis. 



det\ 



(1-P) 



= TrsvP = 



CO _^ 

n=0 h,l 2 ,..., 



per\ < ei 3 \pe h > \i,j< n 



(3.9) 



4 Fredholm's formulas 



In this section we recall definitions of Fredholm's determinant and minor, and also Fredholm's formula for the solution of 
integral equation. We show that Fredholm's determinant coincides with determinant defined above (definition 2.3). We also 
show that Fredholm's minor can be expressed, as the trace of certain operator over the space AV. We show that our main 
formula (theorem 2.1) in the case, when p is integral operator, degv = degw = 1 coincides with Fredholm's formula for the 
solution of integral equations. Thus we obtain simple proof of Fredholm's formula, since proof 1 of the theorem 2.1 occupies 
only few lines. Also we shall show that the trace formula for the bosonic Fock space (theorem 3.1) leads to the formula of 
inversion of integral operator, but in terms of the "Fredholm's permanents". 

Let V — C[a, b] ( precisely speaking one must consider C*[a, b]; look remark 4.1). Consider integral equation <p(x) + 
J K(x,y)(f>(y) = f{x). Let p be an integral operator with kernel K(x,y). 

Recall the definitions of Fredholm's determinant and Fredholm's minor: 



£)/«■«*(!+ p) = 1 + 



D 



fred 



+■■■ + -<_ J J — J d£ 1 d&-dZndet\K{£ i ,£ j )\ iJ > n + 
(1+p) = K{s, t)+ d^det 



(4.1) 



d^id&det 



K(s,t) K{8,b) 

K(s,t) K(s,^) K(s,&) 

K(Zi,t) 
K(H 2 ,t) 



+ 



(4.2) 



Considering the set S(x -s), at s € [a, b) as "continuous b asis" in C[a, b] one can obviously see that the definition of the 
Fredholm's determinant is absolutely analogous to the formula 2.14 . Hence it is naively clear that D-> red (l + p) = Det(l + p) 
— TrwP- Let us prove it rigorously. 

The action of an integral operator with continuous kernel can be canonically extended to the action on delta-functions: 
J K(x, y)5{x — s)dx = K(s, y), obtained function is conituous. 

Lemma 4.1 Let p be an integral operator with continuous kernel K(x,y), then 



Tr A «vP = —7 
n! 



. J d£id£ 2 ...d£„ < S(x - fr) A ... A 5{x - £ n )\pS(x - fr) A ... A S(x - £„) > 



(4.3) 



Proof: consider the case n = 1 hence we need to prove that: Trp = J d£K(t;, £). This fact is naively obvious. In order to prove 
it rigorous we note that any continuous function K(x,y) can be represented in the form: K(x,y) — ^ i Xifi(x)gi(y), where 
1^1 < °°: < Cj \gi{y)\ < C, fugi are continuous functions. By definition 2.2 trace p equals to J2i ^» / d£fj(£)gj(£), 

hence it's clear that Trp — J d£K In order to prove the formula for the case n > 1 one should use the formula \2A\ 
Lemma is proved. 

Using lemma one can easily obtain that D-> red (l + p) = Det(l + p) = Tr A vP- 
Analogically Fredholm's minor equals to: 



D{ r ;\\ +p)= Tr AV A(S(x - s))pC(6(x - t)) 



(4.4) 



Actually: 



Tr A n V A(5(x ~ s))pC(5(x -t)) = - 

Til 



d^....dCn < 6(x-£i) A ...A5(x-£ n )\\A(5(x-s)) 
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pC(S(x - t))S(x - £1) A ... A S(x 
\p(5(x - t)) A p(5(x 



60 >= ^ 



£1)) A ... A p(S(x — £„)) > 



1 

n! 



d£i....d£„cfet 



m n ,t) m n ,tii) 



d^.-.d^n < S(x - s) A i5(x - Ci) A ... A S(x - £ n )| 



In order to make the reasonings above rigorous, let us note three facts. The first, S(x — s) ^ C[a,b], hence there is 
problem in defining C(S(x — s)), but due to K{x,y) is continuous function the product pC(S(x — s)) is well defined. The 
second, one can naturally extend the action of C(S(x — s)) and A(5(x — t)) on the delta- functions: A(5(x — t))[6(x — r)] = S t . r , 
C(5(x — t))[S(x — r)] — S(x — t) A S(x — r). The third, operator A(S(x — s))pC(5(x — t)) on the space AC[a,b] can be 
represented in the form: Pi<L + Si<jc where pi are operators with continuous kernels, are operators of the form: 
Tj = ij(a;) <g> S(x — tj). Where t% are continuous functions, 5(x — f,-) are considered as functional on C[a, b]. Hence that 
operator is operator with trace. And it's easy to see that lemma 4.1 holds for this operator also, if action of this operator is 
defined on delta-functions as we have just described. 

One can prove lemma 4.1 in another way. 

Really, expression 

A J / — / (f£id£2— d£ n < S(x — £i) A ... A S(x — £ n )\pS(x — £i) A ... A 6(x — £„) > can be transformed, in the same way, 
as we have done proving the proposition 2.4. But one should write integrals instead of sums. After the transformations one 
obtains: 

■ni(-i) (, - 1)n, (/"./ d£ 1 ...dt l K(z 1 ,b)Kfa, &)....#(&, ci))" 1 . 



^-^rij >0:^^ . jrij —n 



n 1 !n 2 !...l n i2™2... 11/ 

Applying Merser's theorem (Tryp = J d£K(£,£)). One gets 
£*,>0:£, .,•„,.=„ n,J:^ 2 ... Ili(-Trv(p) l r that is equal to Tr 



p according to proposition 2.4. Proof is finished. 



One can similar prove the formula L4 using the proposition 2.5 instead of 2.4. 
Thus we obtained the following proposition: 
Proposition 4.1: 



D fred {l + p) = Tr A vP = Det(l + p) 
D% ed (l+p) = Tr AV A(5(x-s))pC(S(x-t)) 

Hence, theorem 3.1 gives us expression for the matrix elements of the operator j^;' 



(4.5) 
(4.6) 



< ,(* - s)\^S(x - t) >= Tr AV A(S(x- S ))-pC(6(x-t)) = + 

1 + p Tr\vp Df rea (l + p) 

< S(x - s)\ 6(x - t) >=< S(x - s)\S(x -t)> -^-i ^ 

Thus, one obtains Fredholm's formula for the solution of integral equation <j>(x) + J K(x,y)<p(y) = f(x): 



(4.7) 



dt 



D 



fred 



(i + p) 



D fred (i + p ) 



/(*) 



(4.8) 



Really, 0(x) = ^/(x), hence, due to formula |7j] <j>(s) = f(s) - / dt D y* cd{1+ P p) f(t) 



Remark 4.1: Simpler to obtain formula |4Tq using not the Tr\vpA(S(x — s))C(5(x — t)), but the trace: Tr\vpA(5(x — 
s))C(f(x)). Handling this way, we shall obtain the same formula, but we would not leave the space C[a,b], as it happened 
when we consider Tr\ypA(5(x — s))C(S(x — t)) (note that 5(x — t)£ C[a, b]). But we wanted to emphasize analogy between 
our formulas and Fredholm's ones, so we have admitted ourselves some inaccurateness. 



Theorem 3.1 is analog of theorem 2.1 for bosonic Fock space. Using it one can obtain formulas similar to 4.8 . But 
expressions involves not determinants, but pcrmancnts. 

Let us consider an integral equation 4>(x) — J K(x, y)(j>(y) = f(x), at condition \p\ n — > 0. (Where p is an integral operator 
with kernel K(x, y).) 

Let us define p/ red (l — p) and Pf^ ed (l — p) as follows: 

Pf red (l-p) = I ... I d^ 2 ...d^ n per\K{^)\ id < n = ^Tr SnV p = det v -}— (4.9) 

*, — n J J J „ — n P 
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P f s ; ed {l-P) = / / -.. / d^ 2 ...d^ n per 

n=o ' •> J J 



K(s,t) K(s,h) ... K(s,£ n ) 



K(£ n ,t) K(£ n ,£!) .... K(£ n ,Z n ) 

OO 

= ^2Tr SnV A(5(x ~ s))pC(5(x - t) (4.10) 

n=0 

Hence theorem 3.1 gives us the formulas for matrix elements of the inverse operator: 

s M u P x( , w Tr S yA(5(x - s))pC(6(x - 1)) P^jl-p) 

< S(x - s^j^Six - t) >=< S(x - s)\6(x -t)> + P ;fJl~_ P p ) 
Hence, we obtain the analog of Fredholm's formula for the solution of integral equation <fi(x) — J K(x, y)<fi(y) = f(x): 

Mft) = M + J dt ;fj {l _^ f{t) (4.11) 

Remark: maybe, the name "Fredholm's permanents" is not acquitted, because pf red (\ — p) = TrsvP = d^vjz^- The 
last equality is Proposition 3.6. 

5 Traces of intertwining operators. 

In this section we apply general formulas obtained above for the the computing the traces of some concrete operators, which 



encounters during the solution of integrable models. Proposition 4 is used in paper [KLP2| for the computing formfactors of 
S'[/(2)-invariant Thirring model. It easily follows from the Proposition 2. Formula from the proposition 2 was suggested by 
the author's scientific advisor S.M. Khoroshkin. And the proof of this formula was the initial purpose of this paper. Further 
the author came to the general formulas (theorems 2.1,3.1). 

Actaully, traces which we calculate in this section, turn out to be divergent that is why it is necessary to regularize 
them somehow. We carried out the discussion of regularization in appendix 2. Also on this moment it's not known explicit 
topological description of the Fock space where the operators acts. But it's clear that this space is subspace of the C[[ai, a%, ■■■]] 
and monomials (ai) n fa) 12 ■■■(a,k) lk are the basis of this space, in some sense of the word "basis". That is why one may 
understand these operators as infinite matrixes, and the trace as the sum of diagonal elements, our theorem is valid and 
in this situation, this is discussed in appendix 1. In this section, we do not discuss all these problems but formally apply 
theorem 3.1 and its corollary 3.1. 

Let V be a linear space. 

Let a(u), fl(v) be functions with values in V* , V respectively, such that pairing between them is equal g(u — v). 
Let operator e ld acts on V so that its pointwise action on functions can be written as follows: e yd (3(z) = j3(z + 
7) (e 7d )*a(z) = a(z-j). 



Proposition 5.1. 



Tr sv ei d 



Tr sv e ld e a{u) e fi{v) = J| e 9(*-°-n-y) (5 X ) 



n=0 



As it have been already said, the traces of similar type are used for the solution of integrable models. This proposition 
is useful, because it provides the expression for the trace in terms of pairing only. 
One can obtain the proof by simply applying corollary 3.1. 

Let a n € V, a_ n G V* such elements that < <z_ m |a„ >= n5 n m . 

Let ~a + (u) = YZi f u ~ Z S » = £<=i ^ 
Obviously < a_(u),a+(u) >= — log(l — 
Proposition 5.2. 



Tr S v(e< d n i= i exp(/c i a_(a l )) exp(^a + (/3 J )) 
Tr S v{e"t d ) 



m— 1 i,j 
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where h = Yl h = 0- 

Proof easily follows from corollary 3.1. 

Note that obtained infinite product is convergent. Really, this follows from following proposition: 

n (5-3) 

Is alighted when: 

E( a ™) 9 = E(^) 9 ' « = Q, (5.4) 

m p 

(We prove this proposition in appendix 5). 

And the conditions of this proposition are fulfilled, since Y,^i = ^Y^j = 0- 

Actually, in physical applications one uses not the space of polinomials SV = C[<ii, a^, ....], but the sum of the infinite 
numbers of the copies of this space: F = A/eZ / 2 F M , where F M = C[[a_i, . . . , a_ n , . . .]] (g) (Ce Mao ). 
Let us define the action of operator p as follows: 

KaVV-^rn ® = 2n(a!_ 1 1 a!! 2 ....a!T m <8> e" a °) (5.5) 

Let us define the following functions: a+(u) = 9 f u ~ l ~ pl°g( u ) a -( v ) = YniLi + if 

Let an operator e 7d acts on the space i 7, so that: 

e ld a-{v) = a-(v + -y) (5.6) 

Proposition 5.3: Let us define operator O on space f 1 as follows: 
O = n/=i cx P(^a+(/3j)) ]li=i exp(fcja_(ai)) where J] k t = 0J2lj = 
Then takes place the following formula for his trace: 

5^=nn<fc-*-^)- w ' ^ 

^ ' m— 

Proof: 

It is obvious that due to condition Y fcj = 0, each subspace F A/ C F is invariant under the action of operator O. 
Due to proposition 2 : 

v 7 m— 1 

Let us show that operator Oe 7d on the subspace -F M is equivalent to the operator JT • /3^ M ' j O e 2Ma -^ e ld on subspace 
F ,i.e. corresponding matrix elements are equal. 

< e Mao <g> w 0e 7d t; <g> e Ma ° >=< e Ma ° <g> ui 0[(e 7d i;) <g> e 7d e Ma °] >= 

From formula 5.6 follows that:e 7<z ao = ao + 2a- (7) hence: 

=< e Ma ° <g> w 0[e 2M5 - (7) (e 7d w)] (g) 0[e Ma °] > = 

from formula |J follows that:0[e Mo °] = Y[f3 2Mlj e Ma ° hence: 



U I3f lh < e Ma ° <g> «; 0[ e 2M5 -( 7 )(e 7d «)] ® e Ma °] >= JJ/?f ^ < 1 ® to Oe 2 *' 5 -™^ ® 1] > 



Thus, we have obtained, in particular, the following proposition: 



Lemma: Tr F Me^ d O = JJj p 2Ml3 Tr F oe< d Oe h ~^ 



3 '3 



By the direct computation, using Corollary 3.1, and making use of the conditions:^ kj = Y] lj = we obviously get 

00 

Y[(3 2Mh Tr F oe^ d Oe^-^ = (Tr F oe^ d ) JJ JJOfy - a, - m 7 )- fe ^ 
Hence, expression in LHS is not dependent on M. 
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Thus, we see that traces of operators e yd O, e ld over all spaces F M are the same. Thus, their quotient, just like it was 
required in proposition 3 equals to: 

oo 

n Ufa - ^ - m ^ kth ( 5 - g ) 

m—l i.j 



Therefore, the quotient of the traces of these operators over the space 



'M 

Proof is finished. 

Let us introduce the following generating function: 

K 



7 1+ {z)= lim (2TlK)~ p / 2 TT e a+(z-2fc?l)-a + (2-?i-2fc7l) ^ g) 

K^oo 

k=0 



It can easily be checked that it's well-defined. 



In paper [KLP1 it was shown that intertwining operators for basic representations of central extended Yangian double 



of 5I2 can be written as follows: e eia -( a 'T)+(a ± h), where = ±1 



In paper [KLP2| the formfactors of S'?7(2)-invariant Thirring model were expressed through the traces of the products 
of intertwining operators. In that paper the following formula have been used: 
Proposition 5.4: 

^te^M!j . ft fin'r "'^"' 7 <>!>-<> 

tr F e^ d -iZT-T (z k - w 3 - m-^ - 2kh) k ^ ^ 3 ^ 



Due to and J2j kj = SfcPfc = the product in RHS of the equality is convergent 



To prove the proposition one should substitute the definition of r]+{z) (|5.9| ) to the proposition 5.3. 
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Appendixes 

A.l Space with basis. 

In main text we have proved theorems for the normed spaces. In this appendix we shall show that if one consider 
infinite-size matrixes then theorems are also valid, at some conditions on matrixes. 

Note that one can consider infinite-size matrixes as operators acting: Cg° — > C°°. Where Cg° is space of finite 
sequences, C°° is the space of all sequences. Certainly, the product of two infinitesize matrixes is not always well-defined. 

The trace of infinitesize matrix is sum of its diagonal elements. 

Let v, w £ C°°. Define pairing as follows: < v|w >= ^\ ViWi 

We shall say that trace, product, applying matrix on vector, pairing are WELL-DEFINED, iff the series arising in this 
operations are absolutely convergent. 

One defines algebras SCq°, SC 00 , ACg°, AC 00 , in the same way as it was done above for normed V. For any v G C°° 
one defines creating-annihilating operators A(v), C(v) acting:Cg° — > C°°. 

Theorems 2.1 and 3.1 are true in this case: 

Theorem Let p be an infinitesize matrix, w,v 6 AC 00 . Assume that p n ,Trp n ,< w|p n v >, < w|j^v > are well- 
defined. Then Tr\c^^\c^ pA(w)C(v) and Tr ACg°^AC°° (p), are well-defined too and the following formula takes place: 



TVac°°-ac~ (M(w)C(v)) / , 1 



v) (A.l) 



?>ACg°->AC°° (P) 

Theorem Let p - be an infinitesize matrix, w, v S SC 00 . Assume that p n , Trp n , < w|p™v > are well-defined and series 
J2iTrp l , J2 n < w |p" v > are absolutely convergent. Then Trscg°-»SC» pA(w)C(v) and Tr sc°°->sc°° (p) are well-defined 
and the following formula takes place: 

Trsc°°—>sc°° (pA(w)C(~v)) 

° \L = E H^ v > (A.2) 
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To prove these theorems it suffices to note that proof 3 is valid in this situation, because the only difference is that here 
arises series instead of finite sums, but the series are absolutely convergent. 



A. 2 Regularization of the traces. 

It is possible that in theorem 3.1 LHS of equality does not exist while RHS exists. That is why naturally to give the 
following definition. 
Definition: 



2! 



Rcg Trsv (M(w)C(v)) = | (wl^v 

Trsvi ~ p) lEr=oHp"v) 

We choose that value in RHS which exists, if both of them exists then they are obviously equal to each other. 

According to proposition 3.2 TrsvP = detvjzr^; when \p\ < 1. That is why naturally to introduce the following definition. 
Definition: RegTrsvp — detvjzrj, if jhj; exists. 

The traces of such type are used for computing formfactors, in quantum field theory and statistical physics. In quantum 
field theory models traces usually turns out to be divergent, though we do not have rigorous proof that our regularization 
coincides with scaling limit from corresponding lattice model or satisfies Smirnov's axioms on formfactors or agreed 

with ultraviolet cut-off (Q), but the concrete example of computing for 5[/(2)-invariant Thirring model shows that all 
approaches lead to the same results. 

Further we shall show that in some cases such regularization coincides with certain limit of the quotient of traces, and 
in another cases with regularization by means of zeta function (if the one exists, though, for 5[/(2)-invariant Thirring model 
or Sine-Gordon model such regularization through zeta function does not exist.) 

regularization by passage to the limit. 

Let us consider the operator p = e' yd that was used in section 5. In natural basis oi, a-i-, ■■■■ it has the form: 

/ 1 ...\ 
1 ... 
7 1 ... 

V i ••/ 

and obviously Tryp — oo, hence TVsy;cL4(w)C(v) = oo, TrsvP = oo. But nevertheless, for concrete w,v that were used 
in section 5, quotient of these traces was equal to < w|p l (v) and was convergent. Further on we shall give yet another 
argument in favour that, in this case definition Reg TrsV T r ^v(l) tyV ^ ~ zC^Lo ( w l/ 9 " v ) i s acquitted. 

Let us introduce the operator T t such that T t {ai) — {t) l ai. Obviously, at < t < 1 operators T t , T t are operators with 
trace on the spaces V and SV, respectively. TryTi = TryT t — Yli jz^t- Also, it is clear that T t p is operator with 

trace and (T t p) 1 — > asi — > oo, hence, T t p is operator with trace on SV. Diagonal elements of T t p in basis a\ x a\ 2 a\ 3 . . . 
tends to diagonal elements of p as t — > 1, hence, it's natural to consider Reg^ im ^ Tr svp^t(wjc(v) _ ^ m Tr s v fapA(y/)c ( v) ) 

Proposition: lim ^^v)) = ^ (w| ^ v) Le . ?^M^ Z Reg ^ggpT " 

The proof is based on Abel's theorem: if ^ dj < oo, then lim aft — ^ a,. We will not go into details. 

Thus we have obtained that regularization through the limit coincides with our main regularization. 
Let us generalize the example described above. 

Let V be a normed vector space with the Grothcndieck's approximation property. It's known that there exists the 
sequence of operators with trace H n that converge uniformly on any compact subspace to identical operator. It's clear that 
one can choose H n such that lim (H n y = 0. 

i — >oo 

Proposition: Assume that lim (pH n ) 1 = and series ^^L p n v is convergent. Then TrsvHnP < oo, TrsvH n pA(w)C(v) < 
oo and 

r Trsv (g n pC(w)C(v)) ^ 

km — — = > (w \p v) (A.3) 

n^oo Trsv (Hnp) ^ 

Proof. 

Proof is based on the observation that one can apply the theorem to to operators H n p, because lim (pH n ) 1 = 0. Hence: 

t— >oo 

Tr sv (H n pC(w)C(v)) -A „ 

Inn = ttt — \ = lim 2^ w \( H "P) v = 2^ w P v A - 4 

n^oo Tr sv [H n p) n^oo ^ ^ 
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Last passage to the limit is acquitted, because p n v is convergent, hence the set p n v n > £ Z is precompact set, 
consequently — > id is convergent uniformly on this set, so on can pass to the limit. 
Proposition is proved. 

Note that, apparently, such regularization is not the limit of quotient of traces over finite-dimensional subspaces exhaust- 
ing every bit of V. If TrsvpA(w)C('v) = oo Trgyp = oo then, apparently, the limit of their quotient over finite-dimensional 
subspaces is is equal oo too. 

For example consider the case: dimV = 1, p = id, 

lim ^>- MWCW = oo 



Regularization by means of the analytical continuation. 

Regularization by means of passage to the limit was possible, when p look like on identical operator. In the case if 
\p\ > 1 then regularization through the passage to the limit is impossible. 

It's possible another variant of regularization by means of analytical continuation, in particular by means of zeta function, 
we shall show, that this variant coincides with with our main regularization. Though note that in the previous example such 
method of regularization is not applicable. 

Consider £(s) = TrsvP^~ s \ assume that for s large enough TrsvP^~ s ' 1S defined and assume that this function can be 
continued to meramorphic on the entire plane. Then we shall define Reg^ TrsvP = C(l)- Note that typically Tryp s has 
pole in unit. But Trgyp~~ s = Dety ^ and this function is analityc in point s = 1, if 1 ^ Spec p. Similar: we can define 

CM = Tr sv p- s A(w)C(v), and put Reg t Tr S vpA{w)C{v) = C(l). 
Let s be sufficiently large, then: 



y( Tr sv (p°) Tr S y(p s ) \ 1 1 - p s / V ' 

Function £(s) is analitycal, hence, if equality is true at s > N that it is true and always, i.e. Reg^ TrsV Tr^^(p)'" V ^ = §(TJ = 



w|Yz^vy = Reg — SV Tr S v{p) Thus regularization by means of zeta function coincides with our. 

The author thinks that the same situation will be with any other analitycal regularization, because we always want to 
deform our operator somehow to the area, where traces are defined, continue the function from this area to the hole plain. 
But in the area, where traces are defined our formula is true, hence it will be true on the hole plane, because if two analitycal 
functions are equal in some area , they are equal on the hole plain. 
A. 3 Continuos basis. 



Considering the models of the quantum field theory, for example Sine-Gordon model [KLP3|, [JKM|, it's necessary to 
consider free bosons at, where t€l. at plays role of "continuous basis" in space V . Instead of giving rigorous definition of 
continuous basis, we prefer to consider two examples. The first is the following: any function belongs L2(R) one can expand 
to the Fourier's integral: f(x) — J f(X)e lXx dX i.e. e lXx at A £ R is a continuous basis L2(R); the second: for any continuous 
function f(x) holds that f(x) — J f(y)5(y — x)dy i.e. 6(y — x) at x £ [a, b] is continuous basis in C[a,6]. Common in this 
two examples is the following: basic functions do not belong the space, but the elements of the space can be expressed as 
follows: J d\h(X)e\, where e\ is continuous basis, h(X) is certain class of scalar functions determining the space. 

In the case of continuously indexed bosons there must exist similar description of space V. Space V is the set of 
the following elements: J dXh(X)a\, where h(X) belongs certain class of scalar functions. Usually V is a Hilbert space, 
respectively, our theorem will be valid in this case. 

If a t is continuos basis of V, then trace of any operator p onV can be found by the formula: Try p = J < a-\\pa\ > dX, 

A>0 

in case when integral is convergent. 

Respectively, the trace over space SV, can be found by the formula similar to proposition 3.3: 

rri i^i V^OO f f J\ J\ < a -Ai a -\n X n \Oa\ a A ....<1\ > 

TrgyO = E„ =0 J - J dX!...dX n <a _l ia _: 2 .... a _ xJaxi \ X2 2 ... aXri> 

One can consider this equalities as definitions of traces. Theorem 2.1, 3.1 are valid, because one can apply proof 3, 
substituting sums for integrals. 
A. 4 Traces and generating functions. 

In this appendix we shall introduce the "by-product" of our work: initially the proof of our main results (theorems 2.1, 
3.1) used the propositions below, but then we understood that they are not necessary. But may be it will be interesting for 
somebody. 

As it is known, considering affine algebras it's convenient to work with generating functions i.e. with functions with 
values in algebra or the space of its representation. For example, it's easier to write down the commutation relations in terms 
of generating functions, but not the concrete generators. 
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Initially, our purpose was to prove the concrete proposition (5.2). In this proposition we considered v = a_(a),w = 
a+(/3). a±(z) are the generating functions, the action of operator p = e ld can be easily written in terms of generating 
functions, but rather complicated in terms of concrete generators. Therefore it was natural to try to express the trace in 
terms of generating functions. 

So the main purpose of this section to find expressions for the traces in terms of generating functions. Turns out to 
be, that it's possible to each operator on space V assign some integral operator acting on generating functions. Generating 
functions plays role of the "continuous basis" and the trace can be expressed as some integral. 

We shall only formulate the propositions, we shall not prove them, because the proofs are trivial. 

Let V be a linear space, dimV — N < oo. V* - its dual. Let Vi < i < N — 1 be a basis in V; Wj 1 < j < N - basis 
in V*. 

Let us denote by: f3{x) = J^,f =1 a(y) = v l (y)\ 

Let us introduce " identical pairing tensor" : 

N-l 



d(x,y) = -J2K ( A - 6 ) 



X * — ' X 

1=0 



Proposition A. 4.1: Vectors Vi, Wj are the dual basis in V,V* respectively, iff < f3(x)\a(y) >= d(x,y). 
Definition: We shall define the formal integral from power series F(x) as follows: (/ F(x)dx) equals to coefficient at 

i 

Proposition A. 4.2 Let A be an operator on space V. The function: A(x,y) — J2o<i j<N-i a )lF+ T corres P on ds to A, 
where a) are matrix elements of the operator A in basis m. Then the following formulas holds: 



(id)(x,y) = 


d(x,y) 


(A.7) 


A(a(z)) = 


J A(x,z)a(x)dx 


(A.8) 


AB(x,y) = 


J B{x,z)A(z,y)dz 


(A.9) 


TrA = 


J A(x,x)dx 


(A.10) 


y]wj<8)Vi(x,y) = 


< P(x)\a(y) > 


(A.ll) 



Remark 1: Formal integral defined above, coincides with ordinary integral, if we choose the appropriate contour of 
integration. In the case dimV < oo one can choose arbitrary contour which includes the zero and not includes oo. In 
case dimV = oo the functions cx(z), f3(z), A{x, y) may have some poles, therefore one must choose contour with respect to 
them. General principle is the following: typically we consider integrals from the following expressions: for the integral: 
/ Fi(z)F2(z)dx, where F\(z) is the formal power series of F}(z) is formal power series of z, contour must contain 

singular points of F%(z) and does not contain singular points of Fi(z). In examples under consideration only integrals of 



such type arise. For example in formula A.£ contour must be selected as follows: at each x contour must contain all singular 
points for A(x, z) and does not contain all singular points for a(z). In proposition A. 4. 3 contour must contain singular points 
for P(z) and does not contain singular points for A(a(z)). Note that that singular points for functions A(a(z)) and a(z) may 
be different, since, operator A is not obliged to be bounded. Also we want to note that broadly speaking, it's not necessarily 
to require the analytical continuation of functions A (a(z)) , (3(z) to the hole plain, it's sufficient to require that areas where 
they not analitycal one can separate by a contour, and integrate over it. 

Remark 2: In this section we mean that TrA is sum of diagonal elements in basis Vi. In the case dimV = oo we shall 
consider only such operators A that sum of their diagonal elements is absolutely convergent. 

Proposition A. 4.3 Let us assume that < /3(x)\a(y) >= d(x,y), then for the trace of any operator A over space V 
takes place the formula: 



Tr v A = < (3(x)\Aa(x) > dx 



(A.12) 



Remark: if a, e 1 are dual basis in V and V* respectively, then for any operator A holds that: TrA — < e'Ae; >. It's 



clear that formula A.12 is the analogous to above formula of linear algebra, if one considers a{z),(3{z) as dual basis indexed 



by z. One may be surprised why we call by dual basis, such basis that pairing between them is equal d(u,v) 



but 



not the delta-function S(u,v). But d(u,v) may be considered as 5(u, v), since J d(u,v)P(u) du = P(v) for any polynomial 
P(u) of degree not exceeding N — 1. This property is similar to the one of delta- function. One can see that this is the only 
property, which is necessary. 
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Proposition AAA. Let us denote by g(x,y) =< 0(x)\a(y) >. Due to the property A. 11 g(x,y) is the "kernel" of 
operator ^\ Wi ® Vi. Let g~ 1 (x,y) be the "kernel" of the inverse operator. Note, that integral operators with "kernels" 
g{x,y) and g'^ 1 {x,y) mutually inverse. 

Try A = / I g~ 1 {x,y)<l3{x)\Aa{x)>dxdy (A.13) 



Remark: this Proposition is the analogue of following simple fact of linear algebra: TrA = J2ij(9 1 )) < Av% >, 
where g* =< W l \vj >. 

In some cases g~ 1 (x,y) can be found by the following simple method. 

Proposition A. 4. 5 Let us that g(x, y) = A y d(x, y). Where A y is self-adjoint operator acting on functions from variable 
y. Then g~ 1 {x,y) = A y ~ 1 d(x,y) 
Proof: 

g~ 1 (z,y)g(x,y)dy = A y ~ 1 d(z,y)A y d(x,y)dy = 



Similar one can obtain: 

Proposition A. 4. 6: Let us assume that g(x,y) = A x d(x,y). Where A x is self-adjoint operator acting on functions 
from variable x. Then g~ 1 (x,y) = A x ~ 1 d(x,y) 

Similar as it have been done above, one can obtain the following propositions, analogous to lemmas 2.1, 3.1. 
Proposition A. 4. 7 Let us assume that < (3(x)\a(y) >— d(x,y), then for the trace of any operator A over the space 
S n V, AV respectively, takes place the formulas: 

Tr S n V A=— ] I ... I < (3(x 1 )P(x 2 )...f3(x n )\Aa(x 1 )a(x 2 )...a(x n ) > f[dxi (A.14) 
'J J i=i 

Tr A n V A= — I ... I <(3{x t ) A(3(x 2 )A... A (3(x n )\Aa( Xl ) Aa(x 2 )A... A«(i„) > f[ dx i (A.15) 



Proposition A. 4.8 Let us assume that < f3(x)\a(y) >= g(x,y), then for the trace of any operator A over the space 
S n V, AV respectively, takes place the formulas: 

^ r r n n n n 

Tr S n V A=- / ... / Ylg-^yi) < Y[f3(xi)\ A JJa(ifc) > Y[d Xl d yi ( A - 16 ) 

U ' i=l i=l i=l i=l 

_^ „ „ n n n n 

Tr A n vA = — / ... / Ylg-^Vi) < f\f3(x t )\ A /\a( Vi ) > \\dx.dy, (A.17) 

A. 5 Convergence of infinite product. 
Proposition A. 5.1 If 

X>m) 9 = ? = 0,l,...,n (A.18) 

m p 

then the following infinite-product is convergent: 

tt n^i^+Efc^o WhereRew . <0 (A.i9) 
fci,...,k„>o n P =i(^+E%^i) 

Apparently, Barns Q was the first who studied similar products in his theory of generalized gamma- functions. The 
proof desribed below was communicated to the author by his scientific adviser S.M. Khoroshkin. 
Proof: 

Note, that M=P (otherwise n-th the membe r of p roduct will not tends to 1). 



Proof is based on integral representation for A. IE 



Let us recall Frullani's formula: if integral f™ Up- exists VA > 0, then J °° /(ax) ~ /(ba:) = ln(6/o)/(0) 
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Hence: 

M ^T'l . ) = / ~ ^ p=1 (A.20) 



n p =iOp + M 



o 



We can consider a.;, 6j < 0. Since for the large enough number kj holds: (a m + ^2 kj^j) an( ^ (^p + S kj^j) < 0- 
Let us prove at first that 

n ie.(^ + M. exp( r£^ : "-s:y- ) 

nJLiCp + EM J» (s)(l-exp(o«)) ' k ' 



fc>0 



where Re a; < 
Really: 



in(TT QLiKlIM) = y i n( n^i(^ + M. 



fe>0 



„(a m +few)x _ V^JV „(b p +fcw)a; 
Z^m=l e Z^p=l e 



i) 



E™=i((e Q ^-e b "-)E fe >o^) _ f E!=i(^-e Vl ) 



o 



(1 — exp(wa;))a; 



Similar 



Hence, the convergence of the product is equivalent to the convergence of the integral. The integral is obviously 
convergent in the point oo. Conditions of convergence in point zero give us 

$> m ) ? = EW< « = 0,l,...,n (A.23) 

m p 
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